&

International Journal of Theoretical and Applied Science 3(1): 9-12(2011)

ISSN : 0975-1718

Sub-compatibility and fixed point theorem in intuitionistic Menger
space

Abhishek Sharma,* Arihant Jain** and Sanjay Choudhari*
*Department of Mathematics, Govt. Narmada P.G. College, Hoshangabad (M.P)
**Department of Applied Mathematics, Shri Guru Sandipani Institute of Technology and Science, Ujjain (M.P.)
(Received 10 Jan., 2011, Accepted 15 Feb., 2011)

ABSTRACT : In this paper, the new concepts of subcompatibility and subsequential continuity which are
respectively weaker than occasionally weak compatibility and reciprocal continuity in intuitionistic Menger space
has been applied to prove a common fixed point theorem. We extend the result of [1] from metric space to
intuitionistic Menger space. Also we cited examples in support our results.
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I. INTRODUCTION

There have been anumber of generalizations of metric space.
One such generalizationis Menger spaceinitiated by Menger
[3]. Itisaprobabilistic generalizationinwhich weassignto any
two pointsx andy, adistributionfunctionF, . Schweizer and
Sklar [4, 5] studied this concept and gave some fundamental
resultsonthisspace. Sehgal and Bharucha-Reid [6] obtained a
generalization of Banach Contraction Principle on acomplete
Menger space which isamilestone in developing fixed point
theory in Menger space.

Recently, Park [8] introduced the notion of intuitionistic
fuzzy metric spaces asageneralization of fuzzy metric spaces.
Kutukcu et. al. [2] introduced the notion of intuitionistic Menger
spaces with the help of t-norms and t-conorms as a
generalization of Menger space due to Menger [3]. Recently
in 2009, using the concept of subcompatible maps, Bouhadjera
et. al. [1] proved common fixed point theoremsin metric space.
Using the concept of weakly compatible mapsin intuitionistic
Menger space, Pant et. al. [7] proved a common fixed point
theorem for six self mapswithout appeal to continuity.

In this paper, we introduce the new concepts of
subcompatibility and subsequential continuity which are
respectively weaker than occasionally weak compatibility
and reciprocal continuity in intuitionistic Menger space and
establish acommon fixed point theorem. We extend the result
of [1] from metric spaceto intuitionistic Menger space. Also
we cited examplesin support our results.

Il. PRELIMINARIES
Definition 1.[7] Abinary operation: [0, 1] X[0,1] —[0, 1] is
calledat-normif 0 satisfying thefollowing conditions:

() o iscommutative and associative.

(2 0O is continuous,
(3 aol=aforalace[0,1]

(4 aob<codwhenevera<candb<d,forala,b,c,
de [0, 1].
Definition 2.[7] A binary operation ¢ : [0, 1] x [0, 1] —[0,1] is
at-conormiif ¢ issatisfying the following conditions :
(1) ¢iscommutative and asociative.
(@ ¢ is continuous,
@ a®0=a,fordlace [0,1]
4 adb<cédwhenevera<candb<d,foralla,b,c,
de [0, 1].
Remark 1.[7] The concept of triangular norms (t-norms) and
triangular conorms (t-conorms) are known as the axiomatic
skeletonsthat we usefor characterizing fuzzy intersection and
union respectively. These conceptswere originally introduced
by Menger [1] in his study of statistical metric spaces.
Definition 3. [7] A distance distribution functionisafunction
F : R— R* whichisleft continuous on R, non-decreasing and
inf,_ F(t) =0, sup,_ F(t) = 1. Wewill denote by D thefamily of
all distance distribution function and by H a special of D
defined by

0, if
H(t) =
® {], if
If Xisanon-empty set, F: X x X — D iscaled a
probabilistic distance on X and F(X, y) is usually denoted by
F ..
Xy
Definition 4. [7] A non-distance distribution function is a
function L : R — R* which is right continuous on R, non-
increasing andinf,_ L(t) =1, sup,_ L(t) = 0. Wewill denote by
E the family of all distance distribution function and by G a
special of E defined by

. 1 if t<o0
= 0, if t>0°

If X isan non-empty set, L : X x X —» E iscaled a
probabilistic non-distance on X and L(X, y) isusually denoted
byL, v

t<0
t>0
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Definition 5. [7] A 5-tuple (X, F, L, 0, ¢) is said to be an
intuitionistic Menger space if X is an arbitrary set, 0 is a
continuous t-norm, ¢ is continuous t-conorm, F is a
probabilistic distance and L is aprobabilistic non-distance on
X satisfying thefollowing conditions: for all x,y, ze Xandt,
s=0,
@ F,®O+L, (<1,
@ F,0)=0,
©) nyy(t) =H(t)ifandonly if x =y,
(4) Fx’y(t) = Fyyx(t)’
O ifF ()=1andF (s)=1thenF (t+s)=1,
6 F (t+9)2F, (O*F, (9,
(7) Lx’y(o) = 1’
@ L, () =G(t)ifandonlyifx=y,
(9) Lx’y(t) = Lyyx(t)’
(10) if nyy(t) =0and Ly'z(s) =0, thenL, (t+9) =0,
(1) L (t+9<L, (t)<>LyZ(s)
The functlon F. (0 and L, (t) denotes the degree of

nearness and degree o? non- nearn%s between x and y with
respect to t, respectively.

Example 1. [7] Let (X, d) be a usual metric space. Then the
metric d induces adistance distribution function F defined by
(t) =H(t—d(x, y)) and non-distance distribution function L
deﬁned byL, (t) G(t—d(x,y)) foral x,ye Xandt>0. Then
(X,F,L)isan |ntU|t|on|st|c probabilistic metric space. We call
thisintuitionistic probabilistic metric spaceinduced by ametric
d the induced intuitionistic probabilistic metric space. If
t-norm 0 isa 0 b =min{a, b} andt-conorm ¢ isa ¢ b = max
{a,b} forala,be [0, 1] then (X, F, L,09)isanintuitionistic
Menger space.
Definition 6. Suppose A and S be self mappings of an
intuitionistic Menger space (X, F, L, 0 ¢). A point x in X is
called acoincidence point of A and Sif and only if Ax=5Sx.In
this case, w = Ax = S is called a point of coincidence of A
and S
Definition 7. Self maps A and S of an intuitionistic Menger
space (X, F, L, O, ¢) are said to be occasionally weakly
compatible (owc) if and only if thereisapoint xin Xwhichis
coincidence point of Aand Sat which Aand Scommute.
Inthis paper, we weaken the above notion by introducing
a new concept called subcompatibility just as defined by
Bouhadjeraet. al. [1] in metric space asfollows:
Definition 8. Self mapping A and Sof anintuitionistic Menger
space (X, F, L, 0, 0) aresaid to be subcompatibleif there exists
asequence{x } in X such that n“_)“l Ax, = nli_r>nm X, =z,ze X

and satisfy nl|_>nl Fas,, sax, (t)=1land nl|_>nl Lasy, sax, (t)=0.

Obviously, two owc maps are subcompatible, however
the converse is not true in general as shown in the following
example.

Example2. Let X=[0, ) foreachte (0,0) andx,y e X. Define
(F,L) by

;, if t>0

Fo (0= t+[x-y|
0, if t=0
—|X y| if t>0

L, (®= t+[x—y|’
1, if t=0

Define self maps A and B asfollows:

X+6, if
X+72, if

X€[0, 9] U (16,20)

A(X)=x* and B(x) = { x € (9,16]

1
Now consider asequence x = 3 + n forn=1,23, ...
then
lim Ax_ = lim Bx =9, 9e Xand

N—o0 N—oc0

lim ABX, = lim BAx =81

N—oo N—oo

Then rl]fl FAan, BAX, (t)=1land rl]fl LAan, BAX, (t)y=0.

Thus, (A, B) issub-compatible.

Ontheother hand, Ax=Bxif and only if x =3 and AB(3)
=81, BA(3) = 15, therefore, AB(3) = BA(3).

Hence, A and B are not occasionally weakly compatible
maps.

Thus, A and B are sub-compatible continuous.

Definition 9. Self mappings A and Sof anintuitionistic Menger
space (X, F, L, 0, ¢) are said to be reciprocal continuous if
lim ASx, = At and lim SAx = St

N—co N—oo
t € X whenever {x ) isasequencein X such that lim Ax_ =

N—oco
lim S, =te X

N—oo

Definition 10. Self mappings Aand Sof anintuitionistic Menger
space (X, F, L, 0, 0) are said to be subsequentially continuous
if and only if there exists a sequence {x} in X such that

lim Ax = lim Sx =z ze Xand satisfy lim AS = Azand

N—o0 N—oc0 N—oc0

I|mSAxn S

N—oco

for some

Clearly, if A and S are continouous or reciprocally
continuous then they are obviously subsequentially
continuous. However, the converse is not true in general.

Now we give an examplewhich showsthat thereexistsa
subsequential continuous pair of maps which is neither
continuous nor reciprocal continuous.

Example3.Let X= [0, <] foreachte (0, <) andx,ye X. Define
(F.L)by
L iftso0
Foy =1 t+][x=Y]
0, ift=0
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x-y]
t+[x—y|
1 ift=0
Define self maps A and B asfollows:

2+x%, if xe[0,2]
A(X):{ x, if xe(2,00) N

ift>0
nyy(t):

~ 2-%, if xe[0,2)
BO=V2x—2, if xe[2, o)

A and B are discontinuous at x = 2.
1
Now consider asequencex, = n forn=1,2,3, ....
lim =2 lim =
Then am AX =2, am Bx,=2,2€ Xand

I —4= I —oo
lim ABx =4=A(2)and lIm BAX =2=B(2).

Thus, A and B are sub-sequential continuous

Letx = 2+1 forn=1,2,3,....

n
Then lIM ax =2, lim By =2and
lim =

an ABx_ =2#A(2).

Thus, A and B are not reciprocal continuous.
Lemmal. [7] Let (X, F, L, *, 0) be an intuitionistic Menger
spacewitht* t>tand (1-1t) 0 (1-t) <(1-t)andforal x,ye
X,t>0andif for anumber ke (0, 1) and

Foy(k)<F, (1) and L, ()<L, (D).

Thenx=y.

I, MAIN RESULT

Theorem 1. Let A, B, P and Sbefour self mapsonaintuitionistic
Menger space with continuous t-norm 0 and continuous t-
conorm ¢ definedby tot>tand (1-t) ¢ (1-t) < (1-t). If the
pairs (A, P) and (B, S) are sub-compatible and sub-sequential
continuous then
(i) Aand P have acoincidence point.
(i) B and Shave a coincidence point.
(iii) Thereexistsk € (0, 1) such that for every, x,y € X
andt>0
Fag(2F, O*F, (0% F, O*F, .
and L, ()<L, (MOL, 0L, ,OOL, 5.
Then A, B, Sand P have aunique common fixed point X.
Proof : Sincethepairs (A, P) and (B, S) are subcompatible and
subseguentially continuous, then there exists two sequences
{x,} and {y,} in X such that.

lim Ax = lim px =7,z e Xand satisfy

n—co n—co

rl]fl, FAPxn, PAxn(t) =Fp,, ppy (D =1and

“m N Lap, P, (D) = Lagy, pry (0 =0

Also rl]fl, By, = rl]fjc S, =2, 2,, € X and which satisfy
M Feg, sy, (0 = ey, , (0 = 1and
rlg?o Lesyy, yn(D) = Loz, &, (1 =0

Therefore, A, = P, and B, = SZ that is, z and z,is a
coincidence point of (A, ﬁ) and (é S).

Now, we provez, =z,
Put x =x, andy =y, ininequality (iii), we get
(k) > F, r1(t) *Fu, PXr1(t) *F, S\/n(t) *Fa S\/n(t).
and L 0, Byr1(kt) s prn Syn(t) oL 5 PXr1(t) 0 LByn’Syn(t) oL AXr]’S\/n(t).
Taking thelimitasn — oo, we get
(ky>F __(t)* le,zz(t) *F
(kt) = F, (t)* 1*1*F
(O le 22( )
and LZl 2 (kt) < L, 2 0o L, Zl(t) 0 L, 22(t) 0 L, 2 (1)
21 2 (kt) < L, (t) 000090 L, 22(t)
L, (k)< Lzl ZZ( ).
By lemmal, wehave
=2,
Weclaimthat Az, = z,.
Substitute x =z, and y =y, in inequality (iii), we get
FAZlv Byn(kt) = FPZvaIn(t) . FAZlv le(t) . FByn, an(t) . FAZva/n(t)
andL,, g, (K)<L;, o (1) oL 2y, Pz, (D) 0 Ly, 5, (D) oL 2y, 5, (D
Taking thelimitasn — oo, we get
(kt) 2 FPZ]_, Zz(t) o FAZ]_, PZl(t) o FZQ, Z
(kt)>F Hololo FAZL Zl(t)
(kt)y=F kt)

AXBy

2,250 " Fzp (D)

(t)

Zl 22 1,22

Zl Z 71,2

()0 F s, .0

AZl 71 Az1,79

AZ 4l AZl, Zl(

and
AZ]_ b7} (kt) LPZ]_ Zz(t) <> LAZ]_, PZl(t) <> L22 Zz(t) <> LAZ]_ b7} ( )
A21 Zl(kt) <L, (t) 00000 LAZL Zl(t)
AZ Zl(kt) LAZ]_ Zl( )
By lemmal, wehave
Az =z
ThusAz, =z =2,
Now weclamAz, =Bz,
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Takingx =z andy=z,ininequality (iii), we get
FAZ]_ BZZ(kt) > FPZ]_v SZZ(t) o FAZ]_ PZl(t) o LBZZ SZZ(t) o LAZ]_, SZZ(t)
A21 BZZ(kt) FAZ B2, tHololo FAZ BZ2(t)
AZl, BZZ(kt) - FAZ]_, BZZ(t)
and
LAZ]_, BZZ(kt) < LPZ SZZ(t) <> LAZ]_, PZl(t) <> LBZQ, SZZ(t) <> LAZ]_, SZZ(t)
A21 BZZ(kt) L 2, BZZ(t) Q0000L Azl,BZZ(t)
AZl, BZZ(kt) - LAZ]_, BZZ(t)
By lemmal, wehave
Az, =Bz, Sincez, =z, Therefore Az, =Bz,. S0 Az, =Pz,
=Bz, =& =2z i.e.z isacommon fixed point of A, B, Sand P.

Uniqueness: Let u be another common fixed point of A, P, B
and S

ThenAu=Pu=Bu=Su=u.
Taking x =z andy = uininequdity (iii), we get
(kt) Fozy 00" Fazy by * Py a0 Fgy o0
(kt)>F LOF 11 le,u(t)
F,. L F,u®
and

(kt) Lp,, SJ(t)OLAZ]_, F,Zl(t)<> L, o0 Lag, )
L, Sk <L,

LD00000L, (1)
L, (KD <L, ,(0)

Hence, by lemma 1, we have
z =u.
Therefore, uniqueness follows.

If we take B = A and S= P in theorem 1, we get the
following result :

AZl Bu

AZl Bu

Corollary 1. Let Aand P betwo self mapsof an intuitionistic
Menger space with continuous t-norm 0 and continuous t-
conorm¢ definedby tot>tand (1-t) 0 (1-t) <(1-t). Ifthe
pairs (A, P) are sub-compatible and sub-sequential continuous
then
(i) Aand P have acoincidence point.
(i) Thereexistske (0, 1) suchthat for every x,y e Xand
t>0
FaaK)ZF, c(OOF, , OF,00F, 1
and L, , ()<L, ,(O0L, ,®OOL, ,®OL, .1
Then A and P have aunique common fixed point in X.
Thefollowing exampleillustratescorollary 1.
Example 1. Let X = [0, ) with metric defined by d(x, y) =
[x—y|andfor eacht e [0, 1] define
v
F,0=t+[x=Y|
0, ift=0

ift>0

ift>0

Ix=yl
Ley(®)= {t+|x_y|
1, ift=0
foral x,ye X. Clearly (X, F, L, 0, ) isanintuitionistic
Menger space where D isdefined by t 0t >t and ¢ is defined
by (1-t) 0 (1-t) < (1-1).

DefineAand P : X — Xby

X if x<1
A(X) = i and
3x+1, if x>1
Bl = 2x-1 if x<1
= 5x—1 if x>1
1

Consider sequence{x.} = 1- e

Clearly, Ax,and Px, — 1.
Also, APx — land PAX, — 1.

Therefore, rlﬂl Fapy, pax () = 1and rlﬂl Lapx, om0 =

l - l -
Also, lim APx =A(1)and lim pax = P(1).

Thus, (A, P) is sub-compatible and sub-sequential
continuous. Also, conditions (i) and (ii) of corollary 1 is
satisfied and 1 isunique common fixed point of A and P.
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